
Order of Magnitude

f(n) is O(g(n)) if there exists positive integers a & b such that

f(n) ≤ a • g(n) for all n ≥ b.

For example:

f(n) = n2 + 100n  &  g(n) = n2

since n2 + 100n ≤ 2n2 for all n ≥ 100    (a=2 & b=100)

but also...

f(n) = n2 + 100n  &  g(n) = n3

since n2 + 100n ≤ 2n3 for all n ≥ 8   (a=2 & b=8)

Both O(n2) and O(n3) work.  Pick the smallest.

f(n) is asymptotically bounded by a•g(n) at n ≥ b.

Example:  Show f(n) = cnk is O(nk)

cnk ≤ a•nk for all n ≥ b
If a=c, b=1 then cnk ≤ cnk for all n≥ 1

For any f(n) = c1nk + c2nk-1 + ... + ckn + ck+1

then f(n) is O(nk)    (Also f(n) is O(nk+j) j ≥ 0).

Seven functional computing times
1. O(1) - constant
2. O(log n) - logarithmic
3. O(n) - linear
4. O(n log n) - n log n
5. O(n2) - quadratic
6. O(n3) - cubic
7. O(2n) - exponential

Code Frequency Count of x:= x + 1

a) x := x + 1 1

b) for i := 1 to n do
x := x + 1 n

c) for i := 1 to n do
for j := 1 to n do

x := x + 1 n2



d) for i := 1 to n do
for j := 1 to i do

x := x + 1
n(n + 1)

2

e) for i := 1 to n do
for j := 1 to i do

for k := 1 to j do

x := x + 1
n(n + 1)(2n + 1)

6

The counts for problems a - c are straight forward.  The proofs for the counts for d & e are as follows:

d) This algorithm produces the (i, j) paired numbers
(1, 1)
(2,1) (2,2)
(3,1) (3,2) (3,3)
.
.
.
(n, 1) (n, 2), (n,3) ... (n, n)

Counting the number of columns in each row is  1 + 2 + 3 + ... + n.  The sum of this series is computed by
lining up the series backwards and adding the two series together.

     1     + 2     + 3     + ... + n
+    n     + n-1   + n-2   + ... + 1
=    (n+1) + (n+1) + (n+1) + ... + (n+1)
=    n(n + 1)

∴  sum = 
n(n +1)

2

e) This is the series 12 + 22 + 32 + ... n2

Proof by induction ∑
i=1

n

i2 = 
n(n + 1)(2n + 1)

6 , n ≥ 1    (Must prove first case and (k + 1)th case)

First Case:  n = 1 ∑
i=1

1

i2 = 12 = 1

1(1 + 1)(2•1 + 1)
6  = 

1 • 2 • 3
6  = 1   ∴ Case n = 1 is true

k + 1 Case:  n = k + 1 ∑
i=1

k+1

i2 = 12 + 22 + 32 + ... + k2 + (k + 1)2

= 
k(k + 1)(2k + 1)

6  + k2 + 2k + 1 = 
2k3 + 9k2 + 13k + 6

6

(k + 1)(k + 2)(2k + 3)
6  = 

2k3 + 9k2 + 13k + 6
6    ∴ Case n = k + 1 is true

∴  ∑
i=1

n

i2 = 
n(n + 1)(2n + 1)

6 , n ≥ 1


